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Quasi-One-Dimensional High-Speed Engine
Model with Finite-Rate Chemistry

Timothy F. O’Brien,¤ Ryan P. Starkey,† and Mark J. Lewis‡

University of Maryland, College Park, Maryland 20742

The quasi-one-dimensionalequations of � uid motion are coupled with the equations for � nite-rate chemistry to
model high-speed engine � ow� elds. The model was developed for rapid vehicle design and optimization, where a
wide range of engine inlet conditions may be encountered. Incorporating the timescales of fuel mixing and ignition
are crucial for accurate prediction of combustor performance, especially for nonhydrogen fuels and off-design
conditions (where equilibrium assumptions are invalid). The effects of area change, friction, mass injection, fuel
mixing, and heat transfer to the combustor walls are included. The resulting model is compared to experimental
results for hydrogen-fueled scramjet engines to demonstrate the ability to predict wall pressure pro� les and fuel
ignition point. Application to a rocket-based combined-cycle engine and a hydrocarbon scramjet missile engine are
discussed. The model presented predicts peak pressure and fuel ignition accurately, as well as � ow� eld pressures
in regions where boundary-layer separation is not present.

Nomenclature
A = cross-sectionalarea of engine, m2

a ¡ d , f = curve� t constants
a1i¡5i = curve� t constants
C f = friction coef� cient
CH = Stanton number
cp = speci� c heat at constant pressure, J/(kg-K)
D = drag, N
D = hydraulic diameter, m
fst = stoichiometric fuel/air ratio
g = gravitational acceleration,m/s2

h = enthalpy per unit mass, J/kg
Isp = speci� c impulse, s
L = length, m
M = Mach number
MW = molecular weight, kg/kmol
MW = mixture molecular weight, kg/kmol
Pm = mass � ow rate, kg/s
Pw = wetted perimeter, m
Pr = Prandtl number
p = pressure, N/m2

PQ = heat-transfer rate, J/s
Ru = universal gas constant, J/(kmol-K)
T = temperature, K; thrust, N
U = velocity, m/s
V = volume, m3

X = mole fraction
x = axial coordinate, m
Nx = nondimensional axial coordinate
Y = mass fraction
° = ratio of speci� c heats
1x = control volume increment of x
" = ratio of gas injection velocity to freestream velocity
´ = ef� ciency
½ = density, kg/m3
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Á = equivalence ratio
P! = molar production rate, kmol/(s-m3 )

Subscripts

added = species added for mass/fuel injection
aw = adiabatic wall
comb = combustor
e = end
eff = effective
f = total fuel available
i = i th species
inj = injection
mix = mixing
o = total or stagnation conditions
r = available for reaction
s = start
st = stoichiometricconditions
w = wall
x; 1x = control volume descriptors
1 = freestream conditions

Superscripts

00 = per unit area
000 = per unit volume
¤ = evaluated at the reference temperature

Introduction

T HE prediction of high-speed vehicle performance depends on
the accuratemodelingof both the aerodynamicsof the airframe

and the � ow conditionswithin the combustor. If optimizationof the
vehicle for range, payload, etc. is desired, then a rapid means of
predicting the vehicle � ow� eld will make optimization a less com-
putationally expensive endeavor. Further, if trajectory calculations
are needed, a rapid means of predicting the vehicle performance
allows for a quicker analysis.

A quasi-one-dimensional combustor � ow� eld model that in-
cludes � nite-rate chemistry is presented in this paper. The inclusion
of chemical kinetics allows for a predictionof fuel ignition, a � nite-
rate process that inherently cannot be predicted using equilibrium
methods. The inclusion of chemistry also allows for off-designcal-
culations to determine necessary conditions for the fuel to burn and
underwhat conditionswill cause the combustor to choke.These pre-
diction capabilitiesare crucial in � ow� eld regimes where the limits
of the scramjet concept are encountered (i.e., hydrocarbon missile
scramjets, ram/scram transition, etc.).
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A series of ordinary differential equations that model the gov-
erning equations of motion will be presented. Along with a user-
speci� ed cross-sectional area pro� le, mass and reaction mixing
pro� le, viscous model, and a reaction mechanism, the ordinary
differential equations are integrated to solve for the combustor
� ow� eld. Two example hydrogen-fueledscramjet experiments are
compared to the model to demonstrate the ignition point and pres-
sure pro� le prediction capabilities. Also presented are two appli-
cations of the combustor model: a hydrogen-fueled rocket-based
combined-cycle engine and a hydrocarbon-fueledscramjet missile
engine.These applicationsrepresent two engine pro� les where pre-
dictionof fuel ignitionpoint is crucialin calculatingthe thrustgener-
ated by the combustor and equilibriumassumptions are inadequate.

Governing Equations for the Model
The governing equations for the engine model are based on the

following assumptions: 1) quasi-one-dimensional � ow, where all
variables (including area) are functions in the x direction only, 2)
steady-state � ow, and 3) the � ow behaves as a perfect gas.

Continuity

The quasi-one-dimensional, steady continuity equation can be
stated as

Pm D ½U A (1)

The continuity equation (1) can be expressed in differential form1

as

1
Pm

d Pm
dx

D 1
½

d½

dx
C 1

U
dU

dx
C 1

A
dA

dx
(2)

The differentialcontinuityequation(2) allows for variation in cross-
sectional area (dA=dx) of the combustor (geometry effects) and
mass injection (d Pm=dx ) of fuel, pilot, or other bleeds. Both dA=dx
and d Pm=dx are prescribed by the user.

When mass is added to the system, it is assumed that the mass
is instantaneouslymixed with the engine � ow� eld. However, it will
take a � nite amount of time for the mass added to the system to com-
pletely affect the freestream in a quasi-one-dimensional sense. To
model this effect,any mass that is injectedfroma discrete location is
assumed to follow a user-prescribedmass mixing pro� le (or injec-
tor arrangement). Mass injected from an injection port is added to
the � ow� eld incrementally in the x direction by the mass-addition
term d Pm=dx . In this manner, mass is added to the � ow as it travels
through the engine until the full amount of mass injected is present.
This mass-addition term should not be confused with fuel mixing.
Although mass and fuel mixing can be treated as the same mecha-
nism, they are not inherently the same. The mass-addition term is
solelyused to add more mass to the engine� ow� eld.Fuel mixing (to
be discussed in more detail in the following sections) is prescribed
to make the injected fuel available for reaction (i.e., enough mixing
has occurredbetween the air and fuel such that combustioncan take
place).

Momentum

The quasi-one-dimensional momentum equation in differential
form1 can be expressed as

1
p

dp

dx
C ° M2

2U 2

dU 2

dx
C 2° M 2C f

D
C ° M 2.1 ¡ "/

Pm
d Pm
dx

D 0 (3)

where " is the ratio of the velocity of gas injection in the x direction
over the velocity of the � ow� eld

" ´ Ui=U1 (4)

Equation (4) accounts for angled fuel injection (" D 0 for normal
fuel injection). The momentum equation [Eq. (3)] accounts for vis-
cosity in the � ow as a momentum de� cit. The friction coef� cient is
prescribed by the user and can be found from experimental results
or by some analytical or empirical method. The friction coef� cient

used in the examples and application problems to follow is calcu-
lated using Eckert’s reference- temperaturemethod2 assuming fully
turbulent � ow.3 The viscosity is evaluated at the reference tem-
perature by using Sutherland’s Law.3 The hydraulic diameter of a
rectangular engine cross section can be found from

D ´ 4A=Pw (5)

Equation of State

Assuming a perfect gas, the equationof state can be expressedas

p D ½RuT =MW (6)

Expressing the equation of state in differential form4 yields

1
p

dp

dx
D 1

½

d½

dx
C 1

T

dT

dx
¡ 1

MW

dMW

dx
(7)

The preceding form for the equation of state allows the inclusion of
the chemical changes caused by mass injection and combustion.

Mixture Molecular Weight

The mixture molecular weight can be expressed in terms of the
mass fraction as

MW D 1

¿ X

i

Yi

MWi

(8)

The differentialform of the mixture molecularweight has the form4

dMW

dx
D ¡MW

2

³ X

i

1
MWi

dYi

dx

´
(9)

Species Conservation

The derivation of the species conservation equation is based on
derivationsgiven by Turns.4 The � nite controlvolume for the quasi-
one-dimensional, steady case is shown in Fig. 1. Conservation of
species i in Fig. 1 is found to be

[ Pm 00
i A]x C 1x ¡ [ Pm 00

i A]x D Pm 000
i V C Pm i;added (10)

The left-hand side of Eq. (10) is the net mass � ow of species i
leaving the control volume. The � rst term on the right-hand side
of Eq. (10) is a source or sink term caused by chemical reaction
within the control volume. The second term on the right-hand side
is a source term that models mass/fuel injection.

Neglectingmolecular diffusion in the � ow direction,Eq. (10) can
be expressed as

[Yi Pm 00 A]x C 1x ¡ [Yi Pm 00 A]x D Pm 000
i A1x C Pm i;added (11)

Fig. 1 Quasi-one-dimensionalcontrol volume for species conservation
derivation.
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where the volume of the quasi-one-dimensional control volume is
A1x . As 1x becomes in� nitesimally small, Eq. (11) can be ex-
pressed in differential form as

1
A

d[Yi Pm 00 A]

dx
D Pm 000

i C 1
A

d Pm i;added

dx
(12)

The source term Pm 000
i can be expressed as

Pm 000
i D P!i MWi (13)

Separating the mass fraction from the differential in Eq. (12) and
substituting Eq. (13) yields the differential species conservation
equation

dYi

dx
D

P!i;mix MWi

½U
C 1

Pm
d Pm i;added

dx
¡

Yi

Pm
d Pm
dx

(14)

Equation (14) states that the change in mass fraction of species i
is a function of the rate of production/destruction of species i , the
amount of species i added, and the total amount of mass added.

The subscript . /mix has been added to the production rate in
Eq. (14) to denote fuel mixing. In addition to the prescribed mass-
addition pro� le d Pm=dx , a fuel-mixing pro� le may be prescribed to
model when the fuel that has been injected is available for reaction.
This mixing pro� le can take the form of a mixing ef� ciency (where
a certain percentage of fuel injected is never available for reaction)
and/or a mixing length (where after the fuel has been added to the
� ow in a mass sense, a � nite amount of mixing time is necessary
before reaction can begin to occur).

An example injection scheme is shown in Fig. 2. Fuel injection
is assumed to occur over a length L inj from xinj;s to xinj;e to model
staggered fuel injection ports and � nite mass mixing time. A pre-
scribedmixing length Lmix is given to tell the � ow� eld how long the
fuel must remain in the combustor before reaction can begin. Until
the fuel reaches the point xinj;s C Lmix, only mixing is assumed to
occur, and the fuel productionrate P!i is set to zero.When the mixing
lengthhas been reached,reactioncan beginand continueuntil either
the end of the combustor or equilibrium has been reached. When
reaction begins, a mixing ef� ciency ´mix may be prescribed so that
at any point a certain percentage of the initial fuel injected is not
available for reaction. The mixing ef� ciency is prescribed to model
unmixed fuel in the combustor but can also represent inef� ciencies
and losses as a result of fuel injection.

Energy

The derivation of the energy equation is partially based on the
formulation presented by Turns.4 The � nite control volume for the

Fig. 2 Fuel mass fractions for sample injection and mixing pro� les in
a Jet-A scramjet engine for missile application.

Fig. 3 Quasi-one-dimensional control volume for energy derivation.

quasi-one-dimensional, steady energy equation derivation is shown
in Fig. 3. Neglecting axial heat conduction,axial species diffusion,
radiation, and work done on the control volume, conservation of
energy in Fig. 3 yields the following equation:

[ Pm 00 Aho]x C 1x ¡ [ Pm 00 Aho]x D

"
X

i

hi Pm i

#

added

¡ PQ 00 Pw1x (15)

ho ´ h C U 2=2 (16)

The left-hand side of Eq. (15) is the net amount of energy � ow
leaving the control volume. The � rst term on the right-hand side
of Eq. (15) is a source term for enthalpy addition caused by fuel
injection and assumes thermal equilibriumbetween the fuel and the
� ow� eld. The second term on the right-hand side of Eq. (15) is a
sink term for heat transferred to the engine wall. As 1x becomes
in� nitesimally small, the energy equation becomes

d[ Pm 00 Aho]

dx
D

d
£ P

i
hi Pm i

¤
added

dx
¡ PQ 00 Pw (17)

Using the chain rule, Eq. (17) is rewritten as

dh

dx
D 1

Pm
d
£ P

i
h i Pm i

¤
added

dx
¡

PQ 00 Pw

Pm 00 A
¡

ho

Pm
d Pm
dx

¡ U
dU

dx
(18)

The enthalpy of the � ow� eld can be written in terms of the
enthalpy of each species

h D
X

i

cpi T Yi (19)

where the � ow� eld is assumed to be thermally perfect so that
enthalpy is not a function of � ow� eld pressure. The derivative of
enthalpy as a function of axial distance can then be found from
Eq. (19):

dh

dx
D

X

i

µ
h i

dYi

dx
C T Yi

dcpi

dx

¶
C cp

dT

dx
(20)

The speci� c heat of species i can be represented by a curve� t with
respect to temperature in the following form

cpi D .Ru=MWi /
¡
a1i C a2i T C a3i T

2 C a4i T
3 C a5i T

4
¢

(21)

Equation (21) is in the form used by CHEMKIN II.5 Assuming the
constantsa1i ¡a5i are weak functionsof temperature, the derivative
of cpi with respect to axial distance yields an equation in terms of
temperature derivative

dcpi

dx
D Qcpi

dT

dx
(22)
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where

Qcpi ´ .Ru=MWi /
¡
a2i C 2a3i T C 3a4i T

2 C 4a5i T
3
¢

(23)

SubstitutingEq. (22) into Eq. (20) yields the � nal formof the deriva-
tive of enthalpy:

dh

dx
D Qcp

dT

dx
C

X

i

hi
dYi

dx
(24)

Qcp ´ cp C
X

i

T Qcpi Yi (25)

In a similar manner, the derivative of enthalpy of species i can be
written as

dh i

dx
D

¡
cpi C Qcpi T

¢ dT

dx
(26)

The heat-transfer term [second term on the right-hand side of
Eq. (18)] is calculated from the de� nition of the Stanton number

CH ´ PQ 00=½U .haw ¡ hw/ (27)

The Stanton number can be related to the friction coef� cient by
Reynolds analogy

CH D C f =2Pr
2
3 (28)

where Pr is the Prandtl number (assumed in the given examples to
be a constant value of 0.71). SubstitutingEq. (28) into Eq. (27), the
second term in Eq. (18) can be written as

PQ 00 Pw

Pm 00 A
D 2C f cp.Taw ¡ Tw/

Pr
2
3 D A

(29)

It is assumed that the wall enthalpies can be written as a functionof
wall and adiabatic wall temperatures and freestreamspeci� c heat at
constant pressure, where adiabatic wall temperature can be calcu-
lated from6

Taw D T
£
1 C .Pr¤/

1
3 [.° ¡ 1/=2]M 2

¤
(30)

where Pr ¤ is the Prandtl number evaluated at the reference tem-
perature. For the current study the reference Prandtl number is also
assumed to have a value of 0.71. Finally, substituting Eqs. (24),
(26), and (29) into Eq. (18)yieldsthequasi-one-dimensional, steady,
differential energy equation

dT

dx
D 1

Ocp

"
¡

X

i

h i
dYi

dx
C 1

Pm

X

i

³
hi

d Pm i

dx

´

added

¡
2C f cp.Taw ¡ Tw/

Pr
2
3 DA

¡
ho

Pm
d Pm
dx

¡ U
dU

dx

#
(31)

Ocp ´ Qcp ¡ 1
Pm

(
X

i

£
Pm i

¡
cpi C Qcpi T

¢¤
added

)
(32)

Solution Methodology
Equations (2), (3), (7), (9), (14), and (31) constitute a stiff set of

ordinarydifferentialequations(ODE) from the chemicalproduction
terms from combustion. Solution of these equations requires a stiff
ODE solver that can account for differing timescales.The VODPK7

code, developed by Lawrence Livermore National Lab, was used
to accomplish this task. VODPK uses a backward-differentiation
formula to integrate the set of stiff ODEs. Values for the individ-
ual chemical species molecular weight, speci� c heat, heat of for-
mation, and reaction rates are obtained from CHEMKIN-II5 for a
user-supplied reaction mechanism.

For this study two types of fuel are investigated: hydrogen
and Jet-A. The hydrogen/air mechanism used was proposed by
Jachimowski.8 Jachimowski’s mechanism contains 14 species, 33
reactions, includes nitrogen chemistry, and was speci� cally devel-
oped for applicationto high-speedcombustionmodeling.The Jet-A
reactionmechanism used in this study is a subset of the full reaction
mechanism from Kundu et al.9 The reaction mechanism consists
of 17 species and 14 reactions and was chosen because it has been
validatedby Chang10 and Lewis and Chang.11 The ambient air com-
position is assumed to be 78% nitrogen,21% oxygen, and 1% argon
by volume.

Solving Eqs. (2), (3), (7), and (31) for the derivative in velocity
yields

dU

dx
D 1

®

(
¡ 1

A
dA

dx
C 1 C ° M 2.1 ¡ "/ ¡ .ho= Oh/

Pm
d Pm
dx

C 1
Oh

"
¡

X

i

hi
dYi

dx
C 1

Pm

X

i

³
hi

d Pm i

dx

´

added

#

¡ 1
MW

dMW

dx
C

µ
° M2 ¡

cp.Taw ¡ Tw/

Oh Pr
2
3 A

¶
2C f

D

)
(33)

® ´ .1=U /.1 ¡ ° M2 C U 2= Oh/ (34)

Oh ´ OcpT (35)

Each term in Eq. (33) can be calculated or is a prescribed quantity.
The � rst term in Eq. (33) is the cross-sectionalarea pro� le dA=dx ,
which is assumed to be prescribed by the user. The second term is
the mass � ow addition term d Pm=dx and represents the mass mixing
pro� le prescribedby the user.The quantity Oh can be calculatedusing
CHEMKIN-II. Solution of the change in mixture molecular weight
dMW=dx is found by � rst solving the species conservation equa-
tion [Eq. (14)]. Given the mixing pro� le and chemical information
from CHEMKIN-II, Eq. (14) is a known quantity,which can then be
substituted into Eq. (9) to solve for the change in mixture molecular
weight. The friction terms involving the friction coef� cient are all
known quantities or can be calculated using CHEMKIN-II. The re-
maining terms in Eq. (33) are known quantities,quantities that have
already been calculated, or quantities that can be calculated using
CHEMKIN-II. Thus, the velocity derivativederived in Eq. (33) is a
known quantity at a particular x location.

With knowledge of the velocity derivative, the density derivative
may be found from the continuity equation [Eq. (2)]. The pres-
sure derivative can be calculated from the momentum equation (3).
The temperature derivative is then found from the equation of state
[Eq. (7)]. The derivatives of all of the variables are then integrated
using VODPK to � nd the � ow solution.

Grid resolution is dependent on solution convergence using
VODPK. Once a grid density is selected that allows for solution
convergence in the ignition region, the overall � ow� eld is insensi-
tive to further changes in grid density. The full engine � ow� eld can
be calculatedon the order of 1–2 s using a DEC-ALPHA computer.
Thus, this method allows for rapid design of full vehicle concepts
that include a detailed engine � ow� eld.

Example: Hydrogen-Fueled Scramjets
The combustormodel just presented is now compared to a pair of

experimental investigationsinto hydrogen-fueledscramjet engines.
The � rst experiment is an axisymmetric, wall-injection scramjet
investigatedby Billig and Grenleski,12 as shown in Fig. 4. The com-
bustor consists of a constant-areacircular cylinder (0.0038 m2 ) that
is 0.28 m long followedby a conicalexpansionsection that is 0.61 m
long, resulting in an area ratio of 2. Eight fuel injectors of diameter
2.64 mm each are evenly distributedalong the circumferenceat the
x = 0 location.

Reported incoming conditionsinto the combustor12 are total tem-
perature of 2180 K, total pressure of 3.13 MN/m2 , Mach number
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Fig. 4 Billig’s experimental combustor con� guration (from Ref. 12).

of 3.2, fuel temperature of 705 K, and an equivalence ratio of 0.5.
Unfortunately, the chemical composition of the incoming air was
not speci� cally given in Ref. 12; hence, the static propertiesentering
the combustor can take on a wide range of values.13;14 Reported ex-
perimental uncertaintiesfor incoming pressure ranged from 52,000
to 55,000 N/m2; incoming temperature from 820 to 940 K; and
wall temperature from 450 to 550 K. The incoming air composition
is assumed to be 78% N2 , 21% O2, and 1% Ar by volume as al-
ready discussed. In this study the assumed incoming properties into
the engine are U D 1849 m/s; p D 52; 000 N/m2; T D 872 K; Tw

= 500 K; ° D 1:346; and M D 3:19. The assumed properties were
selected to fall within the range of typical operating values reported
in Ref. 12 and to closely match the reported incoming mass � ow
rate (an overprediction of approximately 6%). From the selected
values the resulting error in total temperature is an overprediction
of 10%, and the resulting error in total pressure is an underpredic-
tion of 14%. Considering the wide range of values reported in the
literature, these errors are deemed acceptable for the current study.

The mixing model used for perpendicular injection of hydrogen
is a curve� t of data originally reported by Rogers15 and tabulated
by Henry and Anderson16

Pmr D Pm f
a Nxbexp.c Nx/

d Nx C f
(36)

Nx ´
x

L inj

(37)

where L inj is the length between xinj;s and xinj;e, and the curve� t
constants have the values a D 1:1703, b D 0:62925, c D 0:42632,
d D 1:4615, and f D 0:32655. Taking the derivative of Eq. (36)
yields

d Pm
dx

D
Pmr

L inj

µ
cd Nx2 C .bd C c f ¡ d/ Nx C b f

Nx.d Nx C f /

¶
(38)

where it is assumed for both scramjet test cases that the injection
length is the same as the reaction mixing length.

Based on the precedingassumptions,the solutionfor the combus-
tor � ow� eld is compared to the experimental results in Fig. 5. Good
agreement is seen on the expansion region of the combustor, with
an average error of under 15% compared to the experimental data.
The maximum in pressure is predicted at the x D 0:33 m location
(5 cm past the beginning of the expansion region). This location
compares favorably with the experimental results for peak pressure
location.Compared to an equilibriumsolution,where the maximum
in pressure would be just prior to the expansion region, the � nite-
rate solution allows for accurate prediction of fuel ignition while
maintaining the peak pressure prediction found using equilibrium
assumptions12 (10% error compared to experimental results).

Prior to the ignition point, the combustor model fails to predict
the pressure along the wall of the combustor. It is believed that
boundary-layer burning might have occurred in this experiment,14

which would increase the local pressure near the wall and act as a
heat addition term. This effect, as well as any boundary-layersepa-
rationcausedby injection,is not consideredin thecurrentcombustor
model. As a way to increase the heat addition, the injection length
L inj was assumed to be 2 cm in an attempt to model the preceding
effects. A mixing ef� ciency of 96% was assumed for the preceding

Fig. 5 Comparison of nondimensional wall pressure between experi-
mental results from Ref. 12 and current combustor model.

calculations to yield a combustion ef� ciency of 94% (the same as
reported in Ref. 12). Varying the mixing ef� ciency by §4% resulted
in a change in the peak pressure of §3% and a change in pressure
along the thrusting surface of §2%.

The second experiment compared to the combustor model is
that of the strut-based hydrogen-fueled scramjet tested by An-
derson and Gooderum,17 shown in Fig. 6. The apparatus consists
of a strut injector, which injects hydrogen normal to the � ow-
� eld. The strut is located in a constant-area rectangular duct of
height 3.81 cm and width 17 cm. The injectors are located 24 cm
from the expansion section of the combustor, which has a length
of 47.9 cm and an exit height of 7.62 cm. Ignoring the effects
of the strut on the � ow� eld, the incoming � ow� eld has the fol-
lowing properties: U D 1774:5 m/s; p D 75; 777 N/m2; po D 2:01
MN/m2; T D 1031 K; M D 2:7; ° D 1:3; an assumed Tw D 500 K;
L inj D 0:6 m; ´mix D 95%; fst D 0:0349; Á D 0:619; and 22.3% O2;
46.5% N2; and 31.2% H2O by volume. Reported experimental un-
certainties are incoming Mach number of §0.05, §5% variation in
local concentrationof burner fuel and a local stagnationtemperature
variation of §75 K.

The results from the combustormodel are compared to the exper-
imental results of Ref. 17 in Fig. 7. Good agreement is again seen
on the expansion portion of the combustor wall with errors under
13%. Compared to the equilibrium solution reported by Anderson
(see Fig. 7), a higherpeak pressure is predicted,which comes closer
to predicting the peak pressure measured in the experiment (er-
ror of approximately 7.5%). Prior to fuel ignition, the combustor
model does not accuratelypredict wall pressures.The pressuredata
points in this region were in� uenced by boundary-layer separation
from shock impingement from the strut and the in� uence of fuel
injection and burning. These effects are not modeled in the quasi-
one-dimensional combustor model. Heat transfer to the duct was
calculated to be 0.587 MJ/s compared to the experimental result of
0.718 MJ/s, resulting in an 18% error. These results are in good
agreement, considering that the combustor model did not include
the length of duct prior to the strut injector, as well as the additional
heat transfer from the shock wave/boundary-layer interaction.

The mixing ef� ciency for this case was selectedto be 95%. Based
on the variation of local burner fuel concentration just discussed, a
mixing ef� ciency of 95% was deemed as an optimistic assumption
of fuel mixing ef� ciency. If the mixing ef� ciency is raised above
this amount, the � ow was found to thermally choke. For a mix-
ing ef� ciency of 90%, the peak pressure was reduced by 10%, and
the pressure along the thrusting surface was reduced by approxi-
mately 3%.

Even with the vast limitations of quasi-one-dimensional� ow, the
current model does an excellent job of rapidly predicting the pres-
sure pro� le on the expansion surface (vital for thrust prediction). It
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Fig. 6 Anderson and Gooderum’s experimental combustor con� guration (from Ref. 17).

Fig. 7 Comparison of nondimensional wall pressure between experi-
mental results from Ref. 17 and current combustor model.

also predicts fuel ignition location, even without the additionalheat
term caused by boundary-layer burning. Peak pressures calculated
also compare quite well with experiment and earlier equilibrium
solutions.

Application: Rocket-Based Combined-Cycle Engine
An application of the engine model is the scramjet mode of

a rocket-based combined-cycle engine, shown in detail in Fig. 8.
This engine model is loosely based on publisheddescriptionsof the
Strutjet engine currently being tested by Aerojet.18 The side view
shows the complete propulsion system, which begins with a series
of wedge compressionramps. The � ow is turned back to parallel by
the front of the engine cowl, with the cowl shock cancelling at the
top of the combustor entrance.Two-dimensional� ow is assumed as
the � ow passes into the strut injectorscompressionregion (shown in
the top view). The strut injectorscompressionregion� ow properties
are calculated using oblique shock theory and Prandtl–Meyer � ow
assumingtotally inviscid� ow.19 The area- averagedresults from the
compression region are then placed into the one-dimensionalcom-
bustor model just presented to calculate the combustor � ow� eld.
The chemical composition entering the combustor is assumed to be

the chemical composition of air discussed in the Solution Method-
ology section. Gaseous hydrogen is injected normally at the end of
the expansion portion of the strut (see Fig. 8). The fuel is assumed
to be fully mixed by the end of the constant-area region between
each set of struts and follows the same mixing pro� le as discussed
in the precedingsection.Following the constant-arearegion, a short
but � nite expansion is assumed to model the expansion caused by
the base of the struts. Base pressure on the strut is assumed to be
an average of the pressure before and after the expansion. Follow-
ing the struts, the � ow experiences a constant angle expansion for
thrusting purposes followed by an internal and external nozzle. The
nozzle portionof the propulsion system is calculatedusing the two-
dimensional method of characteristics.20

Assuming freestream Mach number of 12 at an altitude of 36
km, the area-averaged incoming properties into the combustor are
p D 0:3 atm, T D 980 K, M D 5:73, ° D 1:34, Pm D 722 kg/s, Á D 1,
´mix D 95% (assumed), Tw D 1200 K (assumed), constant-area sec-
tion length of 2.6 m, combustor expansion length of 3.17 m, and
a combustor expansion angle of 8.9 deg. The preceding conditions
and geometry are provided as an example and do not imply any
optimality.

The resulting distributions in Mach number and pressure are
shown in Fig. 9. The Mach number is observed to decrease sharply
as a result of mass injection at the beginning of the combustor. At
a distance of approximately 0.25 m, fuel ignition is observed with
another sharp decrease in Mach number. The Mach number further
decreases beyond fuel ignition as a result of combustion and fric-
tion effects. At the end of the strut, the sharp rise in Mach number
is caused by the expansion from the base of the strut. The Mach
number then further rises after the strut as a result of the constant
angle expansionregion of the combustor.The pressuretrendmirrors
the effects of the Mach number trend (as Mach number goes down,
pressure increases).

The resulting distributions in temperature and mass fractions of
H2O, OH, and NO are shown in Fig. 10. A rise in temperature is
observed for both mass injection and for fuel ignition in the same
manner as Mach number. After the strut injector base the temper-
ature rises instead of falls, as would be expected in a supersonic
expansion. Observing the water mass fraction, it is seen that at the
strutbaseexpansionwater is beingcreated.Becauseof thehigh com-
bustion temperatures in the constant-area region of the combustor,
dissociation of water is occurring (observe the OH mass fraction).
When the � ow cools down through the initial expansion, water can
begin to form. As the expansion becomes less severe (i.e., after the
base), the heat release from water formation is still high enough to
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Fig. 8 RBCC engine geometry, top and side view (not to scale).

Fig. 9 Mach number and pressure distribution in rocket-based
combined-cycle engine.

heat the � ow. As the � ow continues in the expansion region, less
reactions occur, and the mass fraction begins to level out. Conse-
quently, the temperature begins to fall as a result of the expansion,
with the expected result of temperature decrease in a supersonic
expansion.

The combustion ef� ciency in this study is de� ned as the mole
fraction of water at the exit of the combustor divided by the stoi-
chiometric mole fraction of water if all of the hydrogen had been
converted to water. In this manner the combustion ef� ciency for
this particular case was found to be about 69%. This low value of
combustion ef� ciency is partially caused by the high combustion
temperatures (»3000K) in the burner keeping some of the water
dissociated and to the formation of NO (see Fig. 10) that reduces
the amount of available oxygen for reaction. The low value of ef-
� ciency is also a result of the high expansion angle used in the
combustor, freezing the reactions before completion.

The primary indicatorof engine performanceused in this study is
speci� c impulse, de� ned in the simplest form as Isp D T=. Pm f g/. If

Fig. 10 Temperature and mass fraction of H2O, OH, and NO distri-
bution in rocket-based combined-cycle engine.

the net thrust is used (for acceleratorvehicles), the effective speci� c
impulse is de� ned as Isp;eff D .T ¡ D/=. Pm f g/. The effective overall
propulsion speci� c impulse (the effective speci� c impulse includ-
ing all components that come in contact with the � ow� eld entering
and leaving the combustor) was found to be 821 s. The effective
propulsion speci� c impulse (the effective overall propulsion spe-
ci� c impulse not including the compression components prior to
the engine cowl) was found to be 1312 s. Finally, the propulsion
speci� c impulse (total thrust generated by the engine and nozzle)
was found to be 2509 s. These values are all partially dependent on
the calculation of strut base pressure, which will affect the thrust
generated on each strut.

Application: Hydrocarbon Missile Scramjet Engine
The � nite-rate chemistry engine model developedin this paper is

applied to a Mach 8 missile with a hydrocarbon-burningscramjet
engine, as shown in Fig. 11. The modeling methodologies used in
developing this missile application are not shown in this paper.21;22
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Fig. 11 Example hydrocarbon scramjet missile geometry.

The scramjet used for this application was two dimensional with
constant area for the � rst half of the combustor and had a constant
expansion angle for the second half of the combustor. The inlet to
this engine was a series of three, two-dimensional ramps following
the forebody compression. Similar to the rocked-based combined-
cycle model described in the preceding section, the compression
shocks all converge at the cowl lip where the � ow is then turned
parallel to freestreamwith the resulting cowl shock being cancelled
at an expansion corner at the entrance to the combustor. This re-
sults in a uniform � ow� eld at the combustor entrance for inviscid
� ow. Upon exit from the combustor, the � ow is expanded using
a two-dimensional nozzle, which is analyzed using the method of
characteristics.20

The internalcomponentsin thecombustorfollowthoseoutlinedin
Fig. 2 with the fuel injectiontakingplacebetween xinj;s and xinj;e and
a prescribedmixing length Lmix, where the fuelbecomessuf� ciently
mixed with the incoming air for combustion to take place. Also, a
mixing ef� ciency ´mix is used to describe the effects caused by
ineffective mixing and allows unburned fuel to pass through the
combustor.

The Jet-A fuel reaction mechanism is modeled using a reduced
reaction mechanism developed by Kundu et al.,9 where the Jet-A
fuel is modeled as C12H23 with a density of ½ f D 855 kg/m3. The
reducedmechanism consists of 17 species and 14 reactionsand was
chosen because it has been validated for scramjet applications by
Chang10 and Lewis and Chang11 and shown to havegood agreement
with the full mechanism for both ignition times and pressure rise
for a number of different equivalence ratios.

In the example missile shown in Fig. 11, the inlet conditions
into the combustor are p D 1:519 atm, T D 1335 K, M D 2:563,
° D 1:318, Pm D 2:435 kg/s, Pm f D 0:152 kg/s, Á D 0:929, Tw D 1200
K (assumed), ´mix D 90% (assumed), xinj;s D 0:2 m, xinj;e D 0:3 m,
Lmix D 0:5 m, constant-area section length of 0.745 m, combustor
expansion length of 0.745 m, and a combustor expansion angle of
8.39 deg.

The Mach numberand pressuredistributionfor the missile scram-
jet engine are shown in Fig. 12. The � gure shows the Mach number
slowly decreasing (caused by viscous effects) until the fuel injec-
tion starts at x D 0:2 m. There is a sharp drop in Mach number
where the injectionstarts, then thecurve resumesa steadydownward
trend. At about 0.7 m the fuel ignition begins (this is the distanceof
xinj;s C Lmix ), and there is another sharp drop in Mach number until
the throat is reachedat x D 0:745 m. Expansion is shown to initially
increase the Mach number after the throat, but then the effects of
heat release are shown to overtake the expansion effects and the
Mach number drops for a short distance. In the remainder of the ex-
pansion portion of the combustor, the Mach number increases.The
pressure distribution is almost a mirror image of the Mach-number
distribution.

The temperature pro� le and mass fractions of H2O, CO2, and
NO for the missile are shown in Fig. 13. The temperature is shown

Fig. 12 Mach number and pressure distribution in missile scramjet
engine.

Fig. 13 Temperature and H2O, CO2 , and NO mass fraction distribu-
tion in missile scramjet engine.

to increase steadily until the point of ignition with a slight jump
caused by the fuel injection. Once ignition occurs, the temperature
rises about1500 K (even throughthe expansioneffects of the throat)
after which it drops steadily as the � ow is expanded supersonically
in the second half of the combustor. As the combustion progresses,
the productionof the H2O, CO2 , and NO speciesoccursas expected.
The CO2 mass fractioncontinuesa slow rise in the expansionportion
of thecombustor, indicatingthat the � ow does not freeze throughthe
throatand that combustionis incompleteat theend of the combustor.

A combustion ef� ciency is used for the hydrocarbon scramjet
engine, which is based on the amount of water and carbon dioxide
exiting the combustor relative to the amount of water and carbon
dioxide which would exit a stoichiometric combustor (if all of the
fuel and oxygen had been transformed to H2O and CO2):

´comb D
XH2O C XCO2

[XH2O C XCO2 ]st

(39)

Using this approach, the combustion ef� ciency for this example
combustor was found to be 74.5%. This low ef� ciency is caused by
a slightly lean equivalence ratio, a mixing ef� ciency of only 90%,
ignition just prior to � ow expansion, and short combustor length.

The speci� c impulse achieved by this engine-integratedmissile
design was 1894 s. The effectiveoverall propulsionspeci� c impulse
was 334 s, and the propulsion speci� c impulse was 2478 s.
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Summary
A quasi-one-dimensional high-speed engine model with � nite-

rate chemistry has been presented. Rapid and accurate prediction
of fuel ignition and pressure pro� les have been demonstrated, com-
pared to previous experiments. The full aerodynamic and chem-
ical � ow� eld of a rocket-based combined-cycle engine and a
hydrocarbon-fueled missile scramjet were shown as speci� c ap-
plications of the engine model. These applications were selected to
demonstrate the applicability of the model to cases where equilib-
rium assumptions are invalid.

Becauseof the one-dimensionalnatureof the enginemodel, rapid
engine prediction allows for full vehicle optimization that can in-
clude a detailed combustor. The primary weakness of this model is
the assumed mixing pro� le, which is inherently a function of the
� ow� eld, injectorgeometry, fuel, and many other factors.However,
considering the substantial limitations of quasi-one-dimensional
� ow, the model does an excellent job of predicting the complex
phenomena involved in high-speed combustion.
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